Abstract. Forced nonlinear oscillations of a planar, initially straight, Timoshenko beam are studied. The goal of this paper is to examine large amplitude vibrations of a hinged-simply supported beam with a linear axial spring on one end, allowing to consider the influence of varying axial boundary conditions. Influence of geometrical nonlinearity coming from very large deformations in axial, transversal and rotational directions on frequency response curves are presented for a wide spectrum of the spring stiffness. The complete frequency response curve is computed by a special pseudo continuation method of explicit numerical simulations. For selected cases, a jump phenomenon between branches and super/sub harmonic resonances have been observed.
Introduction
Large beam vibrations of a planar initially straight beam, where shear deformation and rotational bending effects are taken into account are presented e.g. in [1] . The nonplanar, nonlinear and inextensional beam which is undergoing flexure about two principal axes and torsion around longitudinal axis is studied in [2, 3] . The beam is modeled as a set of mathematically consistent partial differential equations in [2] , and its resonant forced oscillations are studied in [3] . However, those papers discussed only transversal and shear vibrations. In [4] the model of hinged beam is extended to take into account also longitudinal and rotatory inertia. Using the Galerkin method of modal expansion with arbitrary boundary conditions, a system of coupled nonlinear ordinary differential equations are first obtained and then investigated.
Lenci, Rega and Clementi [5] [6] [7] [8] developed the exact equations of motion of a planar, initially straight beam, by considering axial, bending and shear deformations, and axial, transversal and rotatory inertia. It allowed to study the influence of longitudinal vibrations on dynamics of hinged-movable supported beam with axial linear spring on its end. The works [5] [6] [7] [8] are focused on free nonlinear oscillations considering various spring stiffnesses. Using the Poincarè-Lindstedt method [5] , the effect of variable slenderness [6] and axial-transversal coupling vibrations [7] has been obtained analytically and then validated numerically in [8] .
The goal of this paper is to study forced and damped oscillations numerically by the Finite Element Method (FEM), using to commercial Abaqus_CAE® software. The FEM is applied by a special technique, similar to continuation method. In particular, for fixed values of the harmonic excitation amplitude, the frequency response curves are obtained by continuously varying the excitation frequency.
The beam model
Let us consider the Timoshenko beam presented in Fig. 1 . It has length , is straight in the initial configuration and has prismatic cross section with homogeneous material properties: Young modulus , shear modulus and density . The system is hingedsimply supported with one end axial spring with stiffness in the moving end, see Fig. 1 . Displacements in the axial and the transversal directions are denoted by ( , ) and ( , ), respectively, where is a spatial coordinate and is time. 
In Eqs. (1) The boundary conditions are:
while the boundary conditions provided by the axial spring in horizontal direction has the form:
Note that for = = 0 we get simply supported beam. When tends to ∞ it implies ( , ) = 0 and the beam becomes hinged-hinged. Other cases of represent hinged-simply supported-spring systems.
Finite Element Model
The problem is addressed by the FEM, where we consider classic Timoshenko beam with length to width ratio equal to 10. Beam has been discretized by using 100 finite elements of B31 type. This element type has linear shape between nodes, in three-dimensional space. Beam element is linear elastic and allows transverse shear deformation [9] . Planarity was guaranteed by constraining the out of plane nodes displacements. Mechanical properties are collected in Table 1 . Boundary conditions are assumed as in (4-7) . 
Viscous damping factor [ ] 6%
Spring stiffness = (Fig. 4b) . The response amplitude is measured at the end of the transient, just before changing again the excitation frequency. An example of a time history obtained with this approach is reported in Fig. 4 . (Fig. 7) . These cases correspond to internal resonance between the first and the second bending modes.
Hinged

Conclusions
The paper presents the results of explicit simulation of damped and forced motion of hinged-supported beam with one end axial spring system. Using the FEM large amplitude vibrations under harmonic excitation are considered. The influence of axial boundary conditions as varying spring stiffness on softening or hardening effect on the frequency response curves is presented. In numerical FEM analyses it has been shown that a 1:3 internal resonances for spring supported cases may occur. In further developments the Multiple Time Scales Method will be applied to the mathematical model, and the frequency response curves and their backbone curves will be determined analytically. The proposed analysis can be adapted to any system i.e. nonhomogeneous and with varied cross-section beams, higher modes, different boundary conditions, etc. Other internal resonances will be investigated as well, and for selected cases, the results will be confirmed experimentally.
